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ÓÄÊ 517.968

ÎÁ ÎÁÐÀÒÈÌÎÑÒÈ ÍÅÊÎÒÎÐÛÕ ÑÈÍÃÓËßÐÍÛÕ

ÈÍÒÅÃÐÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

À. À. Êàðåëèí, Gilberto Perez Lechuga

In [1]we considered singular integral operators with orientation-reversing shift on the space
L2 over the real line and piecewise coe�cients having at most four di�erent values; conditions
of the invertibility of the operators were found. In this article we consider singular integral
operators with orientation-preserving shift on the space L2 over the unit circle and coe�cients of
a special structure having automorphic properties; conditions of the invertibility of the operators
are obtained.

1. Îáðàòèìîñòü ñèíãóëÿðíûõ èíòåãðàëüíûõ îïåðàòîðîâ,

ïîðîæäåííûõ ñîõðàíÿþùèì îðèåíòàöèþ ñäâèãîì

×åðåç [H1,H2] îáîçíà÷èì ìíîæåñòâî îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ äåéñòâóþùèõ èç
áàíàõîâà ïðîñòðàíñòâà H1 â áàíàõîâî ïðîñòðàíñòâî H2, [H1] ≡ [H1,H1]. Ïóñòü L è T äâà
êîíòóðà, ïðè÷åì L ⊂ T . Ðàñøèðåíèå ôóíêèè f(t), t ∈ L íîëåì äî ôóíêöèè, çàäàííîé íà

T \ L îáîçíà÷èì ÷åðåç
(
JT \Lf

)
(t), t ∈ T . Ñóæåíèå ôóíêöèè ϕ(t), t ∈ T íà L îáîçíà÷èì ÷åðåç

(CLϕ)(t), t ∈ L. Ñèíãóëÿðíûé èíòåãðàëüíûé îïåðàòîð Êîøè ïî êîíòóðó Γ ÷åðåç

(SΓϕ)(t) =
1
πi

∫
Γ

ϕ(τ)
τ − t

dτ,

òîæäåñòâåííûé îïåðàòîð ïî êîíòóðó Γ ÷åðåç (IΓϕ)(t) = ϕ(t). Õàðàêòåðèñòè÷åñêóþ ôóíêöèþ
êîíòóðà γ çàäàííóþ íà Γ ÷åðåç χγ(t), t ∈ Γ.
Ââåäåì îáîçíà÷åíèå äëÿ åäèíè÷íîé îêðóæíîñòè - T , âåðõíåé ïîëóîêðóæíîñòè - T+ è âåðõíåé
ïîëóîêðóæíîñòè - T−.

Ïóñòü a2,ij è b2,ij , i = 1, 2j = 1, 2 - êóñî÷íîïîñòîÿííûå ôóíêöèè, çàäàííûå íà T+, ïðèíèìàþùèå
ñàìîå áîëüøåå òðè çíà÷åíèÿ è èìåþùèå âîçìîæíûå ðàçðûâû òîëüêî áûòü ìîæåò â òî÷êàõ
t = t0, t = t1, 0 < argt0 < argt1 < π.

Â ïðîñòðàíñòâå L2(T ) ðàññìîòðèì îïåðàòîð

AT = aT IT + cT ST + bT WT + dT ST WT , A ∈ [L2(T )], (1.1)

ñ êîýôôèöèåíòàìè ñïåöèàëüíîãî âèäà, ïîñòðîåííûìè ïî ôóíêöèÿì a2,ij , b2,ij è ôóíêöèÿì
t, t−1, îáëàäàþùèìè íåêîòîðûìè àâòîìîðôíûìè ñâîéñòâàìè

CT+aT =
1
2
[a2,11 + a2,22 + ta2,21 + t−1a2,12], CT+(WaT ) =

1
2
[a2,11 + a2,22 − ta2,21 − t−1a2,12],
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CT+bT =
1
2
[a2,11 − a2,22 + ta2,21 − t−1a2,12], CT+(WbT ) =

1
2
[a2,11 − a2,22 − ta2,21 + t−1a2,12],

CT+cT =
1
2
[b2,11 + b2,22 + tb2,21 + t−1b2,12], CT+(WcT ) =

1
2
[b2,11 + b2,22 − tb2,21 − t−1b2,12],

CT+dT =
1
2
[b2,11 − b2,22 + tb2,21 − t−1b2,12], CT+(WdT ) =

1
2
[b2,11 − b2,22 − tb2,21 + t−1b2,12], (1.2)

Ïðèìåíèì îïåðàòîðíîå òîæäåñòâî [2] ê îïåðàòîðó AT . Â ðåçóëüòîòå (1.1) ïðåîáðàçóåòñÿ â
ìàòðè÷íûé õàðàêòåðèñòè÷åñêíé ñèíãóëÿðíûé èíòåãðàëüíûé îïåðàòîð

F−1AT F = DT , DT = uT IT + vT ST ∈ [L2
2(T )] (1.3)

Îïèøåì ðïåðàòîðû, îñóùåñòâëÿþùèå ïðåîáðàçîâàíèå ïîäîáèÿ â (1.3)
Îïåðàòîð F ∈ [L2

2(T+), L2(T )] çàäàåòñÿ êîìïîçèöèåé îïåðàòîðîâ

F =MT+ZGNT+

ãäå

MT+

(
ϕ1

ϕ2

)
= JT−ϕ1 + W−1

T JT−ϕ2, MT+ ∈ [L2
2(T+), L2(T )],

M−1
T+

ϕ =

(
CT+

ϕ

CT+
WT ϕ

)
, M−1

T+
∈ [L2(T ), L2

2(T+)],

Z±1 =
1√
2

(
1 1
1 −1

)
, G±1

T+
(t) = diag (1, t±1), t ∈ T+.

(NT+ζ)(t) = ζ(t2), (N−1
T+

ζ)(t) = ζ(t
1
2 ),

NT+ ∈ [L2
2(T ), L2

2(T+)], N−1 ∈ [L2
2(T+), L2

2(T )].

Ïðîñëåäèì êàê ïðåîáðàçóþòñÿ êîýôôèöèåíû (1.2) íà êàæäîì øàãå

M−1AT M = u1IT+ + v1

[
ST+ + V −1UT+

]
=: A1, A1 ∈ [L2

2(T+)],

ãäå

V = V −1 =

(
0 1
1 0

)
, V 0 = V 2 = E2 = diag (1, 1), V 2 = V (V ),

UT+ := CT+WST JT− (UT+f)(t) =
1
πi

∫
T+

f(τ)
τ + t

dτ, t ∈ T+, UT+ ∈ [L2(T+)], (1.4)

u1 = CT+

(
aT (t) bT (t)

bT (−t) aT (−t)

)
=

1
2

(
a2,11 + a2,22 + ta2,21 + t−1a2,12 a2,11 − a2,22 + ta2,21 − t−1a2,12

a2,11 − a2,22 − ta2,21 + t−1a2,12 a2,11 + a2,22 − ta2,21 − t−1a2,12

)
,

v1 = CT+

(
cT (t) dT (t)

dT (−t) cT (−t)

)
=

1
2

(
b2,11 + b2,22 + tb2,21 + t−1b2,12 b2,11 − b2,22 + tb2,21 − t−1b2,12

b2,11 − b2,22 − tb2,21 + t−1b2,12 b2,11 + b2,22 − tb2,21 − t−1b2,12

)
.

Îòìåòèì, ÷òî ðàçìåðíîñòü ïðîñòðàíñòâà óâåëè÷èâàåòñÿ âäâîå, ñèíãóëÿðíûé èíòåãðàëüíûé
îïåðàòîð Êîøè ïî êîíòóðó T ïåðåõîäèò â ñèíãóëÿðíûé èíòåãðàëüíûé îïåðàòîð Êîøè ïî
êîíòóðó T è îïåðàòîð ñ ëîêàëüíûìè îñîáåííîñòÿìè íà êîíöàõ (1.4), à îïåðàòîð ñäâèãà WT

îáðàçóåò îïåðàòîð óìíîæåíèÿ íà ïîäñòàíîâî÷íóþ ìàòðèöó V

M−1WT M = V IL, M−1ST M = ST+ + V −1UT+

Íà âòîðîì øàãå ìû ïðèìåíÿåì ñïðàâà è ñëåâà îïåðàòîð Z è ïîëó÷àåì

Z−1A1ZIT+ = u2IT+ + v2

[
ST+ + Ω−1UT+

]
=: A2, A2 ∈ [Lm

2 (T+)], (1.5)
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ãäå ìàòðèöà

Ω = Ω−1 =

(
1 0
0 −1

)
,

à êîýôôèöèåíòû

u2 = Z−1u1Z =

(
a2,11 t−1a2,12

ta2,21 a2,22

)
, v2 = Z−1v1Z =

(
b2,11 t−1b2,12

tb2,21 b2,22

)
.

Îòìåòèì, ÷òî ïîäñòàíîâî÷íàÿ ìàòðèöà V ïåðåõîäèò â äèàãîíàëüíóþ Ω, à òàêæå

ST+ + Ω−1UT+ =

(
ST+ 0
0 ST+

)
+

(
1 0
0 −1

)(
UT+ 0
0 UT+

)
=

(
ST+ + UT+ 0

0 ST+ − UT+

)
;

1
τ − t

− 1
τ + t

=
t

τ

[
1

τ − t
+

1
τ + t

]
, t−1 [ST+ − UT+

]
tIT+ =

[
ST+ + UT+

]
,

([
ST+ + UT+

]
η
)
(t) =

1
πi

∫
T+

2τ

τ2 − t2
(τ)η(τ)dτ,

Òàêèì îáðàçîì îïåðàòîð A2 èç (1.5) ìîæåò áûòü ïåðåïèñàí â ñëåäóþùåé ôîðìå

(A2η) (t) = u2(t)η(t) +
v2(t)
πi

GT+(t)
∫

T+

2τ

τ2 − t2
G−1

T+
(τ)η(τ)dτ,

Îïåðàòîð A2 ïðåîáðàçóåòñÿ ñ ïîìîùüþ íåâûðîæäåííûõ ìàòðèö G±1
T+

(t), t ∈ T+ ê îïåðàòîðó

G−1
T+

A2GT+IT+ =: A3,

(A3η) (t) = u3(t)η(t) +
v3(t)
πi

∫
T+

2τ

τ2 − t2
η(τ)dτ, (1.6)

ãäå

u3(t) =

(
a2,11 a2,12

a2,21 a2,22

)
, v3(t) =

(
b2,11 b2,12

b2,21 b2,22

)
, t ∈ T+.

Ïðåäñòàâèì ìàòðèöû u3(t), v3(t) â âèäå

u3(t) = A0χ(0,t0) + A1χ(t0,t1) + A2χ(t1,π), v3(t) = B0χ(0,t0) + B1χ(t0,t1) + B2χ(t1,π),

ãäå ïîñòîÿííûå ìàòðèöû A0, A1, B0, B1 âûðàæàþòñÿ ÷åðåç a2,ij , b2,ij , i, j = 1, 2 ñëåäóþùèì
îáðàçîì:

A0 = C(0,t0)

(
a2,11 a2,12

a2,21 a2,22

)
, A1 = C(t0,t1)

(
a2,11 a2,12

a2,21 a2,22

)
, A2 = C(t1,π)

(
a2,11 a2,12

a2,21 a2,22

)
,

B0 = C(0,t0)

(
b2,11 b2,12

b2,21 b2,22

)
, B1 = C(t0,t1)

(
b2,11 b2,12

b2,21 b2,22

)
, B2 = C(t1,π)

(
b2,11 b2,12

b2,21 b2,22

)
. (1.7)

È, íàêîíåö, äåéñòâóÿ íà (1.6) ñëåâà îïåðàòîðîìN−1
T+

, à ñïðàâàNT+ ïðèõîäèì ê õàðàêòåðèñòè÷åñêîìó
ìàòðè÷íîìó ñèíãóëÿðíîìó èíòåãðàëüíîìó îïåðàòîðó íà åäèíè÷íîé îêðóæíîñòè (1.3):

F−1AT F = DT , DT = uT IT + vT ST ∈ [L2
2(T )]

ñ êóñî÷íî ïîñòîÿííûìè ìàòðèöàìè êîýôôèöèåíòàìè, ïðèíèìàþùèìè òðè çíà÷åíèÿ íà âåùåñòâåííîé
îñè è èìåþùèìè ðàçðûâû â òî÷êàõ t = 0, t = t20, t = t21:

uT (t) = A0χ(0,t20) + A1χ(t20,t21) + A2χ(t21,π), vT (t) = B0χ(0,t20) + B1χ(t20,t21) + B2χ(t21,π), (1.8)
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Çäåñü óæå ïîñòîÿííûå ìàòðèöû A0 è B0 çàäàþòñÿ íà êîíòóðå (0, t20), A1 è B1 çàäàþòñÿ íà
êîíòóðå (t20, t

2
1), A2 è B2 íà (t21, 2π).

Äëÿ ïîëó÷åíèÿ óñëîâèé îáðàòèìîñòè èñõîäíîãî îïåðàòîðà AT âîñïîëüçóåìñÿ ðåçóëüòàòàìè
ðàáîòû [3].

Bâåäåì íåîáõîäèìûå îáîçíà÷åíèÿ, îïðåäåëåíèÿ è ïðèâåäåì ôîðìóëèðîâêè ñîîòâåòñòâóþùèõ
óòâåðæäåíèé èç [3].

Ïóñòü ïîñòîÿííûå ìàòðèöû C0, C1, C2, çàäàííû íà èíòåðâàëàõ I0 = (t0, t1), I1 = (t1, t2), I2 =
(t2, t0) ñîîòâåòñòâåííî. Ïîñòðîèì ïî íèì ìàòðèöó ôóíêöèþ

G(t) =
2∑

j=0

Cjχj(t), t ∈ R, (1.9)

ãäå χj(t) - õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ èíòåðâàëà Ij ,çàäàííàÿ íà R.
Ïóñòü A and B - íåêîòîðûå ÷èñëîâûå íåâûðîæäåííûå ìàòðèöû. Îáîçíà÷èì àðãóìåíòû

ñîáñòâåííûõ çíà÷åíèé ìàòðèöA,A−1B è B ÷åðåç 2πν0k(A,B), 2πν1k(A,B) è 2πν2k(A,B) (k=1,2),
ñîîòâåòñòâåííî . Â ñëó÷àå êîãäà ìàòðèöû A è B èìåþò îáùèå ñîáñòâåííûå âåêòîðû, ìû, ñëåäóÿ
[3], áóäåì ïðèïèñûâàòü òîò æå ñàìûé èíäåêñ k ÷èñëàì "ãàììà"ñâÿçàííûìè ñ ñîîòâåòñòâóþùèìè
ñîáñòâåííûìè çíà÷åíèÿìè. Ïðè÷åì, åñëè ìàòðèöû A è B ðàñïîëàãàþò òîëüêî îäíèì îáùèì
ñîáñòâåííûì âåêòîðîì, òî ìû áóäåì ïðèïèñûâàòü ñîîòâåòñòâóþùèì ÷èñëàì "ãàììà"èíäåêñ
k = 2. Ââåäåì ÷èñëà

lk(A,B) =
2∑

j=0

(νjk(A,B)− [δjk(A,B)]) , δjk(A,B) =
1
p

+ νj − νjk(A,B), k = 1, 2; j = 0, 1, 2.

(1.10)
Â ýòèõ ôîðìóëàõ ÷åðåç [x] îáîçíà÷åíà öåëàÿ ÷àñòü ÷èñëà x. Â ñëó÷àå íåâûðîæäåííûõ Cj

ïîëîæèì A = C−1
0 C1, B = C−1

0 C2. Ñôîðìóëèðóåì òåîðåìó èç ðàáîòû [3].

Ò å î ð åì à 1.1. (Theorem 3, C.294) Äëÿ îáðàòèìîñòè îïåðàòîðà R(GR) = P+
R + GRP−

R , ñ
ìàòðèöåé ôóíêöèåé GR = E2χ(−∞,0)+Aχ(0,1)+Bχ(1,+∞), â ïðîñòðàíñòâå L2

p(R, %) íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû ïîñòîÿííûå ìàòðèöû A,B íå âûðîæäàëèñü, ÷èñëà δjk(A,B) íå áûëè
öåëûìè è, ÷òîáû âûïîëíÿëîñü îäíî èç ñëåäóþùèõ óñëîâèé:
(i) A è B íå èìåþò îáùèõ ñîáñòâåííûõ âåêòîðîâ è l1(A,B) = −l2(A,B);
(ii) A and B íå êîììóòèðóþò, èìåþò îáùèé ñîáñòâåííûé âåêòîð, è
l1(A,B) = −l2(A,B) = 0;
(iii) A è B êîììóòèðóþò è l1(A,B) = −l2(A,B) = 0.

Ïåðåïèøåì îïåðàòîð DT èñïîëüçóÿ ïðîåêòîðû P+
T = 1

2 (IT + ST ) and P−
T = 1

2 (IT − ST ):

DT = (uT + vT )P+
T + (uT − vT )P−

T ,

Ïðåäïîëîæèì det(uT + vT ) 6= 0, èëè â áîëåå ïîäðîáíîé çàïèñè, èñïîëüçóÿ ïðåäñòàâëåíèÿ
êîýôôèöèåíòîâ (1.8)

det((A0 + B0)χ(0,t20) + (A1 + B1)χ(t20,t21) + (A2 + B2)χ(t21,π)) 6= 0,

èëè
det(A0 + B0) =6= 0, det(A1 + B1) =6= 0, det(A2 + B2) =6= 0.

Óìíîæèì îïåðàòîð DT ñëåâà íà ìàòðèöó (uT + vT )−1, ïîëó÷èì

P (GT ) = P+
T + GT P−

T , GT (t) = (uT + vT )−1(uT − vT ), P (GT ) ∈ [L2
2(T ), L2

2(T )].

Ñ ïîìîùüþ îïåðàòîðîâ Φ−1 ∈ [L2
2(T ), L2

2(R)], Φ ∈ [L2
2(R), L2

2(T )](
Φ−1ϕ

)
(x) =

2i

i + x
ϕ

(
− i− x

i + x

)
, (Φf) (t) =

1
1− t

f

(
i
1 + t

1− t

)
.
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âûïîëíèì ñâåäåíèå ñ åäèíè÷íîé îêðóæíîñòè T íà âåùåñòâåííóþ îñü R = (−∞,+∞):

Φ−1P (GT )Φ = P (GR), P (GR) = Φ−1(P+
T + GT P−

T )Φ = P+
R + GRP−

R , P (GR) ∈ [L2
2(R), L2

2(R)].

ãäå
GR(x) = (uR(x) + vR(x))−1(uR(x)− vR(x)),

uR(x) = A0χ(−∞,x0) + A1χ(x0,x1) + A2χ(x1,∞), vR(x) = B0χ(−∞,x0) + B1χ(x0,x1) + B2χ(x1,∞),

x0 = i
1 + t20
1− t20

, x1 = i
1 + t21
1− t21

.

Çàïèøåì ìàòðèöó GR(x)x ∈ R, ÷åðåç ïîñòîÿííûå ìàòðèöû ôóíêöèè, îáðàçóþùèå èñõîäíûå
êîýôôèöèåíòû a2,ij(t), b2,ij(t), t ∈ T â ôîðìå (1.9):

GR(x) = C0χ(−∞,x0) + C1χ(x0,x1) + C2χ(x1+∞),

ãäå

C0 = (A0 + B0)−1(A0 −B0), C1 = (A1 + B1)−1(A1 −B1), C2 = (A2 + B2)−1(A2 −B2).

Â ñëó÷àå íåâûðîæäåííîñòè ìàòðèöû C0, òî åñòü ìàòðèöû A0 −B0, ïîëîæèì

A = C−1
0 C1 = (A0 + B0)(A0 −B0)−1(A1 + B1)−1(A1 −B1),

B = C−1
0 C2 = (A0 + B0)(A0 −B0)−1(A2 + B2)−1(A2 −B2),

è îïðåäåëèì ÷èñëà δjk(A,B), lk(A,B) ïî (1.10). Ìû ïðèøëè ê òåîðåìå.

Ò å î ð åì à 1.2. Ïóñòü det(A0+B0) 6= 0,det(A1+B1) 6= 0,det(A2+B2) 6= 0,det(A0−B0) 6= 0.
Äëÿ îáðàòèìîñòè â ïðîñòðàíñòâå L2(T ) ñèíãóëÿðíîãî èíòåãðàëüíîãî îïåðàòîðà

AT = aT IT + cT ST + bT WT + dT ST WT ,

ñ ñîõðàíÿþùèì îðèåíòàöèþ ñäâèãîì íà åäèíè÷íîé îêðóæíîñòè (Wϕ)(t) = ϕ(−t) è êîýôôèöèåíòàìè,
ïîðîæäåííûìè êóñî÷íî ïîñòîÿííûìè ôóíêöèÿìè a2,ij è b2,ij , i = 1, 2j = 1, 2, (1.7) è ôóíêöèÿì
t, t−1, îáëàäàþùèìè àâòîìîðôíûìè ñâîéñòâàìè (1.2), yñëîâèÿ
(a)detA 6= 0,detB 6= 0;
(b)×èñëà δjk íå ÿâëÿþòñÿ öåëûìè k = 1, 2; j = 0, 1, 2;
(c) âûïîëíÿåòñÿ îäíî èç òðåõ ñâîéñòâ: (i), (ii), (iii):
(i) y A è B íåò îáùèõ ñîáñòâåííûõ âåêòîðîâ è l1(A,B) = −l2(A,B);
(ii) A è B íå êîììóòèðóþò, èìåþò îáùèé ñîáñòâåííûé âåêòîð è l1(A,B)= l2(A,B)=0;
(iii) A and B êîììóòèðóþò è l1(A,B) = l2(A,B) = 0;
ÿâëÿþòñÿ íåîáõîäèìûìè è äîñòàòî÷íûìè.
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